The betatron difference resonance, Qa -29, = -6, where Qa,, are the number of betatron OsciIlations per turn, was studied at the Indiana University Cyclotron Facility (IUCF) cooler ring. The position of the beam was measured in both the horiaontal and vertical planes of oscillation after a pulsed kicker magnet was fired to produce coherent motion. The effect of the coupling resonance was clearly observed and it was found that the subsequent particle motion could be described by a simple Hamiltonian. The resonance strength and tune shift as a function of betatron amplitude were measured.
I Introduction
For particle motion in a circular accelerator, the beta- ity, and 8 is the longitudinal particle coordinate which advances from 0 to C, the circumference, as the particle completes one revolution. Both Ka,z(#) and the field error term ABa,*/Bp are periodic functions of 8 with period C.
The field error term ABqz/Bp, which arises from higherorder multipoles, is normally small. However when the resonance condition, mQa + nQ, = 1, with m,n,l integers, io approached, particles will encounter coherent kicks from the multipoles. This coherent perturbation can have a profound effect on particle motion. Based on the theory of betatron motion, the beta- 
The particle trajectory can be seen to follow the path of two intersecting circles in the map of -g f i c 0~4 1 + -2-+ -J2 8 = 0 is the nonlinear "coupling" circle. Matching the measured particle trajectories with the contours of constant can determine g, a11 and 61 only to an arbitrary multiplicative constant. If any one parameter is known then the "scale" is fixed and the other two parameters can also be uniquely determined. Figure 1: Plot of data obtained after a horizontal kick, displayed without averaging. The same kick is displayed in Fig. 2 with averaging (the data set with the largest Ja).
Experimental Method
Protons were injected into the IUCF cooler ring at 45 MeV on a ten second timing cycle. The beam was bunched at harmonic number 1, with the rf cavity operating at 1.03168 MHz. The bunched beam was electron cooled for several seconds reducing its unnormalized rms emittance to < 0.3 x mm mrad. The motion of a beam bunch with this small an emittance can closely simulate single particle motion. Since Jz = J, -nJ,/m is invariant, the difference resonance considered here is stable since the action in both planes of oscillation is bounded. Thus, it was possible to store beam with the betatron tunes on the resonance.
A coherent transverse oscillation was imparted to the bunch by firing pulsed kicker magnets. The subsequent motion was recorded on a turn-by-turn basis [3] for a complete grid of horizontal and vertical kicker strengths. The conversion from two position measurements (~1~2 2 ) in each plane to normalized position and momentum coordinates (21, p,) is described elsewhere in these proceedings [4] . The gain of the data acquisition system was calibrated against the beam position monitoring system in the cooler ring which itself was calibrated against a wire scanner. The uncertainty in position gain is estimated to be &lo%.
I11 Data and Analysis

A . Data Reduction
The two position measurements, in each plane of oscillation, were converted to normalized coordinates and both 4, , , , from which 4 1 was derived, and J , were computed for each turn. So that the features of the nonlinear coupling resonance could be seen more clearly a 10-turn running average was used in all cases except for 41 when only a horizontal kick was applied and no coherent motion had yet developed in the vertical plane. With no coherent motion the measurement of 4, was not meaningful. An example of the data displayed without averaging is shown in Fig. 1 .
It was thought that measurements of the tune shift with amplitude parameters a,,, a,, and a,, could be made directly. With all known both g and 61 could then be determined. To measure the a parameters one need only find the slope of the measured tune verses J. However, our measurements were complicated by two factors. Firstly, the unperturbed tunes are not stable in the cooler ring.
If one tracks the phase in ( z , z ; p,,,) phase space it is possible to measure the tune, assuming a pure tone, in as few as 50 turns. Using this method of tracking the tune a 60 Hz modulation was observed in Q, of f0.0005 and in Q, of f0.002. This uncertainty in the tune prior to the kick resulted in a large scatter of the measured tunes after the kick. Secondly, the resonance stop band was larger than anticipated so that even with IQ, -29, + 61 > 0.05 the effect of the resonance was evident. It was latter found that a two-kick procedure allows for the measurement of the a parameters even when the base tunes are not stable. The bunch is first given a small coherent oscillation by using the rf knock out system. This coherent motion allows the phase of the betatron oscillation to be tracked and thus, the base tune to be measured. The bunch is then given a larger kick with one of the pulsed kicker magnets 500 turns later. In this way the tune change resulting from the change in J can be accurately measured. The a parameters were measured using the two-kick proceedure when Q, -2Qz + 6 NN -0.08.
While the value of all, determined at this tune location differed from the value of a11 determined from the resonance data the measurements will be useful when modeling the nonlinear elements in the cooler ring.
B. Fitting the Measured Tune
While the contours of constant fi are invariant if g, a11
and 61 are each multiplied by the same constant, the phase advance per turn, A&, is not invariant. By differentiating 
C. Fitting the Hamiltonian
When only a horizontal kick was applied Eq. 5 was used to draw both the launching and coupling circles. The data was inspected to find J z = J, + 2Ja and 61 was adjusted for each kick. Three data sets with different values of Jz are shown in Fig. 2 . It was by fitting the curvature of the coupling circle to this data that the value of a11 was determined.
When there was both a horizontal and a vertical kick the data was fit to Eq. 4. The values of g, all and x were again held constant, the value of 61 was adjusted for each kick and the data was inspected to find the maximum of 51.
--0.04 The value of J z used was the sum of the maximum of 2JI and the minimum of J,. The sharpness of the transition from the launching to the resonance circle is sensitive to the minimum value of J,. By using the value of J z obtained by this prescription the minimum value of J, was not overes- was determined by the requirement that cos41 was equal to f l when J 1 was a maximum. Whether costpl was set to +1 or to -1 depended upon which side of the separatrix the particle was on. In Fig. 3 six data sets are shown for which the strength of the vertical kick was held constant while the strength of the horizontal kick was incremented, along with the fits to Eq. 4. For five of the kicks shown in Fig. 3 the measured and predicted tunes are shown in Fig. 4 .
IV Conclusion
The betatron difference resonance, Qz -29, = -6, was investigated at the IUCF cooler ring. It was found that a single resonance Hamiltonian accurately described the coupled motion. It was possible to match both the phase advance per turn of 41 and the contour traced in the map of (flcos41, A s i n 4 1 ) with the predictions from the Hamiltonian Eq. 4. The values of the resonance strength g , and of the tune shift with amplitude parameters, all, and azs -a,, were determined. The agreement with the predicted values of these quantities is under investigation.
